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Implicit Solution Method for Incompressible Navier-Stokes
Equations Including Two-Layer k-r Turbulence Model
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Swiss Federal Institute of Technology, Zurich 8092, Switzerland

The two-dimensional incompressible Navier-Stokes equations including a low-Reynolds-number two-layer k-r
turbulence model are solved by an implicit time-stepping routine using the method of artificial compressibility.
The two-layer model uses a transport equation for the turbulent kinetic energy k and a new algebraic relationship
for the turbulent time scale r near the wall but reverts to the two-equation k-r turbulence model in the bulk of the
flow away from the wall. The algebraic relationship for the turbulent time scale r and the eddy-viscosity damping
function/M are validated by direct numerical simulation data and asymptotic analysis of near-wall turbulence. A
fifth-order upwind-biased differencing scheme is used to discretize the convective and pressure terms and second-
order central differences are employed for other spatial derivatives. The nonlinear equations are solved using the
preconditioned generalized minimal residual technique in conjunction with numerical linearization. A LD~1U
factorization of the approximate Jacobian matrix is used as preconditioning matrix. The iterative scheme has good
vectorization properties and runs at about 160 Mflops on one processor of a Cray Y-MP. The results for turbulent
channel flows at low Reynolds numbers are in good agreement with direct numerical simulation data even in the
viscous sublayer. Compared with experimental data, the simulation of the turbulent flow over a backward-facing
step in a parallel and a diverging channel shows a better agreement for the reattachment length than comparable
two-equation models.

Introduction

C HORIN'S1 method of artificial compressibility has often been
used to solve the incompressible Navier-Stokes equations. Re-

cently, Rogers and Kwak2 presented a solution method combining
Chorin's scheme with an accurate upwind differencing scheme and
an efficient implicit time-stepping routine. The goal of our work is to
extend the solution method for the continuity and momentum equa-
tions to include a two-equation low-Reynolds-number turbulence
model.

A good overview of several low-Reynolds-number two-equation
turbulence models can be found in Refs. 3 and 4. Detailed compar-
isons of different low-Reynolds-number turbulence model compu-
tations and direct numerical simulation (DNS) data are presented
in Refs. 5-8. The problem of predicting adverse pressure flows ac-
curately is discussed in Refs. 9-11. For the present work we have
chosen the low-Reynolds-number k-r turbulence model developed
by Speziale et al.4 On solid walls the model has the advantage of
a natural boundary condition for the turbulent time scale r == k/s
(where k is the turbulent kinetic energy and s is the turbulent dis-
sipation rate). Thangam et al.12 have reported good results for test
cases with strong adverse pressure gradients. However, in our nu-
merical tests we experienced several problems with the transport
equation of the turbulent time scale r in the immediate vicinity of
walls. The turbulent time scale tended to small or even negative
values and destabilized the computations. This unphysical behav-
ior was especially dominant in the corner region of the backward-
facing step. To overcome this problem we stabilized the near-wall
behavior of the turbulent time scale by a new algebraic model to
be used only in the vicinity of walls. This algebraic model is based
on the Norris-Reynolds13 length scale and has to be matched with
the transport equation somewhere inside the wall layer. This ap-
proach is an alternative to the method of Rodi14 and Cordes,15
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which combines a one^equation model for the wall region with
a standard high-Reynolds-number k-s model for the bulk of the
flow.

Traditional implicit techniques solve the algebraic system of lin-
earized equations based on the analytically derived Jacobian ma-
trix. To derive this Jacobian matrix analytically, several approxi-
mations are necessary. For example, when turbulence models are
used, the eddy viscosity has to be frozen at the latest known time
level. Such approximations often lead to restrictions of the Courant-
Friedrichs-Lewy (CFL) number. This can be avoided by numeri-
cal linearization of the nonlinear equations using the generalized
minimal residual (GMRES) technique by Saad and Schultz16 in
conjunction with a finite difference quotient.17'18 With this it be-
comes possible to solve the nonlinear equations directly without
a restriction of the CFL number. As shown by Ajmani et al.19

and Venkatakrishnan and Mavriplis,20 the efficiency of GMRES
can be improved dramatically by a good preconditioning. Most au-
thors use the incomplete lower-upper decomposition (ILU) of the
Jacobian matrix as a preconditioning matrix. This method has the
drawback of poor vectorization properties and is therefore not op-
timal for a vector computer. A much better preconditioning can be
realized with the LD~1U factorization of an approximate Jacobian
matrix. This factorization is similar to the lower-upper symmetric-
Gauss-Seidel algorithm by Yoon and Jameson,21 Yoon et al.,22

and Yoon and Kwak.23 The combination of all of these techniques
results in an efficient method for solving nonlinear systems of
equations.

The two-layer k-r turbulence model and the iterative solution
- technique have been tested by computing the fully turbulent chan-

nel flow at low Reynolds numbers and the turbulent flow over
a backward-facing step at a high Reynolds number. The results
of the channel computations are compared with DNS data by
Hirschberg24 and Kim (see Ref. 25) and show good agreement.
Driver and Seegmiller26 have presented measurements for two con-
figurations of the backward-facing step flow. In both cases, good
results have been obtained by the present two-layer k-r turbulence
model.

In the following sections, a new algebraic model for the turbu-
lent time scale and a new damping function for the eddy viscosity
are derived. Once the governing equations are established, the spa-
tial discretization and the implicit time-stepping scheme, including
the preconditioned GMRES technique, are discussed. Finally, the
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computed results for the turbulent channel flow and the turbulent
flow over a backward-facing step are presented and relevant com-
parisons are made.

Two-Layer k-r Turbulence Model
From the Norris-Reynolds13 one-equation model, one can derive

an algebraic model for the turbulent time scale TNR ,

r = - =
v2

w
(1)

where yw is the normal distance to the wall, v is the kinematic vis-
cosity, and CT — 0.401 is a constant, chosen to fit the correct behavior
in the logarithmic layer. Moreover, the turbulent time scale has the
correct asymptotic bahavior in the viscous sublayer (T+ = y+2/2)
and in the logarithmic layer (T+ = Ky+/^/C^). The variables
T+ = ru^/v and y+ = ywur/v are nondimensionalized by the
friction velocity ur and the kinematic viscosity v. The constants are
K = 0.41 (von Karman) and C^ = 0.09.

Although the algebraic model rNR has the correct asymptotic
behavior close to the wall and in the logarithmic layer, it is not very
accurate in the buffer layer (see Fig. 1). This can be corrected by
using data from DNS. Two sets of DNS data for plane channel flow at
Reynolds numbers Rer = 1.8 x 102 (Ref. 24) and Rer = 3.95 x 102

[Kirn (see Ref. 25)] have been used. The Reynolds number Rer =
urh/v is based on the friction velocity ur and the channel half-width
h. The comparison with the DNS data suggests the introduction of
a damping term, which corrects the behavior of the turbulent time
scale in the buffer layer. This additional damping term is based on
the ratio of the eddy viscosity VT and the kinematic viscosity v. The
constant crv can be determined from the comparison with the DNS
data; we find CTV = 12.0,

+ 2v
(2)

The algebraic model for the turbulent time scale shows good
agreement with the DNS data only in the vicinity of the wall (Fig. 1).
In this region, the algebraic model raig will be used for the computa-
tions. As the wall distance increases (y+ > 30), a blending between
the algebraic model taig and the transport equation for the turbulent
time scale rp(le will be used. In the logarithmic layer and in the bulk
of the flow, only the transport equation for the turbulent time scale
will be used to obtain the solution.

For the k-r turbulence model4 the eddy viscosity VT is determined
by

with C^ — 0.09. Here, a new damping function /M for the eddy
viscosity is introduced. This damping function [Eq. (4)] is based on
the turbulent Reynolds numbers Ry = */(k)yw/v and RT = kr/v
and is valid in the whole flowfield, including the viscous sublayer
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Fig. 1 Comparison of two algebraic models for the turbulent time scale
r with DNS data.
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Fig. 2 DNS data compared with two damping functions/M.

and the logarithmic layer. From the comparison with the DNS data,
the constants are evaluated as cf\ = 33.0 and cf2 = 75.0,

tanh[(/?2/c/lJRr)1'5]
(4)

The new damping function shows better agreement with the DNS
data than the function proposed by Speziale et al.4 (Fig. 2). The
function proposed here has, moreover, the correct asymptotic be-
havior close to the wall (/^ ~ l/y+) and in the logarithmic layer
(/M = D-

A major advantage of the new turbulent time scale model and
the new damping function is the fact that the friction velocity ur
is not a parameter of these models. The terms raig and /^ avoid
the problem of determining the friction velocity in complex flows.
Therefore, replacing the transport equation for r by the algebraic
relation raig near walls considerably improves the robustness of the
k-r turbulence model.

Governing Equations
The two-dimensional incompressible Navier-Stokes equations,

including the two-layer k-r turbulence model, are solved using the
method of artificial compressibility. The equations are written in
conservative form, with the density absorbed in the pressure term.
Generalized coordinates are used in the form £ = £(jt, y) and r\ =
77 (jc, y), which results in the following equation:

3Q 3 ~ 9 --2- + —(E-EV) + — (F -FV)+H =
dt c)£ #77

(5)

where Q is the vector with the unknown pressure p (including the
density), velocity components u and i>, turbulent kinetic energy k,
and the turbulent time scale r,

k r]T (6)

where J is the Jacobian determinant of the transformation. The
terms E and F are the flux vectors, which are given by

ftU

vU
kU
rU

F = —

pv '
xp + uV
yp + vV

kV
rV

where p is the artificial compressibility parameter and U = %xu +
t-yV and V = r)xu + r}yv are the contravariant velocity components.
The metrics of the transformation are represented by d%/dx = £*,
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etc. The diffusive fluxes Ev and Fv are derived assuming an orthog-
onal grid

0

(7)

where u^, un, etc., are the velocity gradients and the turbulent
stresses rxyt etc., are given by

rxx =
(8)

All other terms arising from the turbulence model are collected in
the source term vector H ,

0
0
0

&/T(av) - Pk

Ll - C£2/2 - (1 - C£l

with the production of the turbulent kinetic energy Pk,

Pk = TXX(^XU^ + 11x11,]) + Tyy(^yV^ + TJyV^)

the damping function /2

/2 = 1 -

and the additional term D

(9)

(10)

(11)

To get a numerically robust scheme it has been necessary to average
some source terms. Those are indicated by the superscript av. At the
grid point with indices (/, 7) the variable 0 is averaged by

The eddy viscosity vr is given by Eq. (3), and near a solid wall,
the eddy viscosity is damped by the damping function, Eq. (4). In
the vicinity of a solid wall, the algebraic model for the turbulent
time scale raig [Eq. (2)] is used instead of the transport equation.
The blending between the algebraic model ralg and the transport
equation rpde is based on the ratio of the eddy viscosity and the
laminar viscosity and is performed by the following function:

r = a>TTpde + (1 -

with

Table 1 Constants of the low-Reynolds-number two-layer
k-T turbulence model

Ce Cf\ Cf2 CV() Cv\

0.09 1.44 1.833 1.2 1.36 1.36 0.401 12.0 33.0 75.0 3.0 10.0

Spatial Discretization
The system of equations is discretized by a finite difference

method. The fifth-order upwind-biased differencing scheme of
Rogers and Kwak2 (also see Ref. 27), based on flux-difference split-
ting, is used to compute the convective fluxes. The Jacobian matrices
of the flux vectors and the related matrices with the eigenvectors have
been extended to fit the governings equations, including the turbu-
lence model. The details of this formulation are given in Kiiffer.28

The fifth-order upwind scheme has the advantage of suppressing os-
cillations by adding a minimal amount of physically based dissipa-
tion. For the viscous terms and the first derivatives in the turbulence
model, a second-order central difference formula is applied.

Implicit Time-Stepping Scheme
For stiff problems, which frequently arise in computational fluid

dynamics, the convergence rate of an explicit method degrades
rapidly, resulting in an inefficient solution technique. To speed up
the convergence, an implicit method is required.

In general, the Navier-Stokes equations, including the turbulence
model and the boundary conditions, can be written as a function

at
(14)

where R(Q) represents the spatial terms of the Navier-Stokes equa-
tions. The usual way to get an implicit time-stepping scheme is the
linearization of R(Q) at the latest known time level n. Using the
implicit Euler scheme, we obtain

r_L_M
[JAt 3Q

(15)

with the solution vector Ag = Qn + l - Q". The term in square
brackets is the Jacobian matrix (3G/3Q)n. To construct this Jacobian
matrix analytically, several approximations are necessary. To save
computer storage and to guarantee block-diagonal dominance of
the Jacobian matrix, one has to approximate the fifth-order upwind
scheme used in R(Q) by a first-order scheme in 8R/3Q. Further-
more, when using turbulence models, quantities such as the eddy
viscosity have to be frozen at the time level n. However, these ap-
proximations of the Jacobian matrix have a negative influence on
the stability of the implicit time-stepping scheme.

Alternatively one can use a numerical linearization to compute
the Jacobian matrix. Or even better, one uses the GMRES solution
method and replaces the matrix-vector product by a finite difference
quotient. With this numerical linearization, the stability of the im-
plicit time-stepping scheme is maintained up to high CFL numbers.

GMRES
GMRES, developed by Saad and Schultz,16 is an iterative solution

method for solving nonsymmetric linear systems. At each time step,
one starts from an approximate solution Ago of Eq. (15). GMRES
forms an orthogonal basis V i , . . . , vk (termed search directions),
spanning the Krylov subspace, and finds the best possible solution
for Ag£ by solving a minimization problem. The new Ag* is a
better estimate for the solution of Eq. (15). To reach the steady state
as fast as possible, at every time step, one solves Eq. (15) only to a
certain accuracy r,

P-G'-Ag,||2
(16)

The constants used in the turbulence model are listed in Table 1.

The search vectors v/ have the same length as Eq. (15) has un-
knowns. As the number of GMRES iterations k increases, there
is a tradeoff between the need for storage and the need for faster
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convergence. Usually the number of GMRES iterations has to be
limited to a maximum of between 20 and 40. If the accuracy
(r < 0.1) cannot be achieved in these 20 and 40 iterations, the
GMRES method can be restarted. In our test cases, restarting usu-
ally was not necessary.

Numerical Linearization
As indicated, GMRES does not really need the Jacobian matrix

3G/3Q explicitly; it only needs the influence of a search vector v on
the matrix 3G/3Q. Thus, the matrix-vector product can be replaced
by a finite difference quotient.17 Assuming we use the precondition-
ing matrix P, the numerical linearization reads as follows:

BG „. v = — . v + g*v*)-G(g")
e* (17)

where v* = P~l • v and e* = £/||v*||2. On a Cray supercomputer
with 64-bit arithmetic, the constant s is chosen as 10~9. With this
numerical linearization it is now possible to solve the nonlinear
system Eq. (14) directly. Therefore, the stability is maintained up to
high CFL numbers.

Preconditioning
Unfortunately, the GMRES solution method is not very useful

without a good preconditioner. Best convergence can be obtained
if we use a preconditioning matrix P close to the Jacobian matrix
3G/3Q. Then the linear system including the right preconditioning
takes the form

(P >&Q)=R(Q") (18)

The so-called right preconditioning has the advantage that the right-
hand side of Eq. (15) and the GMRES residual norm are not rescaled
by the preconditioner. In Eq. (18), GMRES does not solve for the true
solution vector Ag, but it solves for the product Ag* = P - Ag.
Therefore, at the end of the GMRES algorithm, the true solution
vector has to be computed from

Ag = P~l Ag* (19)

The best suited preconditioner we found is the LD~1U factoriza-
tion of an approximate Jacobian matrix G' of the exact Jacobian
matrix G7,

^c \"
afi/ (20)

This factorization is similar to the lower-upper symmetric-Gauss-
Seidel algorithm by Yoon and Jameson,21 Yoon et al.,22 and Yoon
and Kwak.23 The term D denotes the main diagonal of the approxi-
mate Jacobian matrix G', and L and U denote the lower and upper
triangular matrices including the diagonal D. The elements in the
row r and the column c of the matrices L, Z>, and U are defined as

D(r,c) = for

for

for

r = c

r >c

r < c

and 0 elsewhere

and 0 elsewhere

and 0 elsewhere

The present LD~1U factorization differs from the one of Yoon et al.
in that here D contains the diagonal elements and not the diagonal
blocks. The following relation holds:

G' = -D = LD~1U + E (21)

and the factorization error E = -(L - D)D~{(U - D) can be
dropped for the preconditioning. It is remarkable^that the matrix
elements of L, D, and U are the same as those of G'. With this, no
decomposition phase is necessary as is the case for the ILU precon-
ditioning (incomplete LU factorization). Furthermore, the present
factorization has the advantage of good vectorization properties on
grid points with indices / + j = const (/ is the index for the £
direction and j is the index for the 77 direction of the grid points in
the computational domain). On one processor of the Cray Y-MP a
performance of 160 Mflops was achieved with this factorization.

Approximate Jacobian Matrix
As a preconditioning matrix we use a factorization of an ap-

proximation of the Jacobian matrix 3G/3Q of the nonlinear system
Eq. (14). For the discretization used and the structured grid, the
approximate Jacobian matrix G' is a banded matrix,

, = banded matrix —

BR,j BRtJ

where / and j are the grid point indices for the £ and r] directions.
Several approximations are necessary to construct the Jacobian ma-
trix analytically. First, the fifth-order upwind scheme used on the
right-hand side R(Q) will be approximated by a first-order upwind
scheme on the implicit side. Because of the smaller stencil, this
saves computer memory. Moreover, the first-order upwind scheme
guarantees the block-diagonal dominance of the Jacobian matrix
G'. At each grid point, the approximate Jacobian matrix G' forms
5 x 5 blocks. To estimate the diffusive terms the eddy viscosity is
frozen at the latest time level. The source terms arising from the
turbulence model are only retained on the implicit side if they im-
prove the diagonal dominance of the approximate Jacobian matrix
G'. The detailed formulation of the approximate Jacobian matrix is
given in Kuffer.28

Local Time Stepping
For steady-state computations the method can be accelerated fur-

ther by the use of local time steps. This is especially attractive when
using low-Reynolds-number turbulence models with their rather
small mesh sizes in the normal direction in the vicinity of solid
walls. The local time step Af can be computed from the following
equation:

Af = Cs (23)

The term m = £2 + £2 4- *?J + rf-y accounts for the local mesh sizes
AJC and Ay (A£ = A?? = 1). Assuming that the velocity squared
u2 is much smaller than the compressibility parameter /3, one can
approximate the artificial speed of sound c = (w2-j-/?)°-5byc ^ \//*-
The stability parameter Cs can be chosen between 1 and 100 or even
higher, and it approximates the CFL number in the case of an inviscid
flow.

Comparison of Different Solution Methods
The iterative GMRES solution method combined with the nu-

merical linearization and the LD~1U preconditioning is compared
with several other iterative methods. As a test case, the driven cavity
flow at Re = 4 x 102 with 64 x 64 grid points has been chosen.
For this laminar flow, the approximate Jacobian matrix G' can be
computed and solved also without the aid of numerical linearization.
The following solution methods are compared:

1) Line relaxation: solving G' • Ag = R by several forward and
backward sweeps in each coordinate direction similar to Rogers and
Kwak.2

2) LD~1U: solving LD~1U Ag = R directly.
3) GMRES/G'/P=LD~1U: solving G' Ag = R with LD~1U

preconditioning (without numerical linearization).
4) GMRES/NumLin/P^LZ)-1^/: solving 3G/3Q Ag = R,

using the numerical linearization and the LD~1U preconditioning.
5) GMRES/NumLin/P=/LC7: solving 3G/3Q • Ag = #, using

the numerical linearization and the well-known incomplete LU fac-
torization with no fill-in beyond the original nonzero pattern in G'as
preconditioning.

Figure 3 shows the convergence history for different iterative so-
lution methods. The LD~1U method completes four times as many
time steps Af as the other methods for a given CPU time, but due to
factorization error, the rate of convergence of the residual is substan-
tially slower than for the other solution methods. This factorization
error can be corrected with the other methods. Still, a better per-
formance is shown by the line relaxation scheme. Only GMRES
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Fig. 3 Convergence history for different solution methods. Test case:
laminar flow in a square cavity at Re = 4 x 102, (3 = 30, and 64 x 64
grid points.

DNS-dato ReT=395
two—layer k-r model

1000

Fig. 4 Velocity distribution in the viscous sublayer and in the loga-
rithmic layer.

combined with a good preconditioner is faster. Because of the nu-
merical linearization, the GMRES/NumLin/P^LZ)"1^/ is slightly
slower than the solution method GMRES/G'/P=LD~1U, which
solves the approximate Jacobian matrix G' directly. The influence
of the preconditioning method can be seen in comparison with the
GMRES/NumLin/P—ILU solver. The poor vectorization proper-
ties of the recursive ILU forward and backward sweeps reduces
severely the performance of this solver on a vector computer.

The laminar test case was chosen to compare different iterative so-
lution methods. Switching to a turbulent test case, only the GMRES
method combined with the numerical linearization works well and is
stable to high Cs numbers [Eq. (23)]. Therefore, all of the turbulent
simulations presented are computed using the GMRES/NumLin/
P=LD~1U solution method combined with local time stepping for
convergence acceleration.

Test Cases
To test and validate the two-layer k-r turbulence model, we com-

puted two flow configurations. First, we consider the fully turbulent
channel flow at low Reynolds numbers. This test case has a sim-
ple geometry and allows us to compare the new results with the
DNS data. Second, the turbulent flow over a backward-facing step
is computed. This test case, with a recirculating region and a reat-
tachment point, shows the applicability of the two-layer model to
more complex flows. The computed results are compared here with
experimental data.

Hirbulent Channel Flow
The fully turbulent channel flow is computed for the two Reynolds

numbers 1.8 x 102 and 3.95 x 102. The Reynolds number Rer —
urh/v is defined using the friction velocity ur and the channel half-
width h. For both cases, DNS data24 •25 are available and give detailed
information about all turbulence quantities, especially in the wall
region.

As the boundary condition on solid walls, the velocity compo-
nents, the turbulent kinetic energy, the turbulent time scale, and
the pressure gradient normal to the wall are set to zero. Periodic
boundary conditions are used at inflow and outflow for all quan-
tities, except for the pressure. The pressure at the inlet and outlet
is fixed to match the given pressure gradient in the flow direction.
Based on the integral momentum equation, the pressure gradient can
be expressed as a function of the wall shear stress rw and combined
with the friction velocity ur = ̂ /(rw/p) leads to

p dx ph h
(24)

From Eq. (24) the pressure gradient can be computed for a given
Reynolds number ReT.

Most of the computations are performed on a 6 x 128 mesh with
grid points clustered near the walls. Special attention is given to the
near-wall resolution.

DNS two-layer V.-T model

a ............. ReT=180

ReT=395

0.0

Fig. 5 Distribution of the turbulent kinetic energy between the wall
and middle of the channel.

400

£ 200

DNS two-layer k—T model

o ............. ReT=180

A —————— ReT=395

0.0 0.2 0.4 0.6
y/h

0.8

Fig. 6 Distribution of the turbulent time scale.

Figure 4 shows the good agreement between the two-layer turbu-
lence model results, the DNS data, and the velocity law in the viscous
and logarithmic layers. Also the turbulent kinetic energy in Fig. 5
fits the DNS data very well. Figure 6 shows the good agreement
between the computations using the two-layer model and the DNS
data in the wall region and also in the logarithmic layer with a near
linear growth rate of the turbulent time scale. This behavior was to
be expected because the algebraic model for the turbulent time scale
was optimized with the aid of the DNS data for ReT = 3.95 x 102.
The turbulent time scale in the middle of the channel is predicted
too high. However, this has only little effect on the turbulent kinetic
energy and the velocity profile. Even if the near-wall modeling of the
turbulent kinetic energy and the turbulent time scale is quite good,
it is difficult to match the DNS data of the turbulent dissipation rate
in the viscous sublayer. This behavior can clearly be seen in Fig. 7.
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Fig. 7 Near-wall distribution of the turbulent dissipation rate.
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Fig. 8 Convergence history for relevant quantities on a 63 x 63 grid.
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Fig. 9 Sketch of the backward-facing step channel.

To test the grid independence of the results, the computations are
repeated with different numbers of grid points between the channel
walls. For the turbulent channel flow test case it was found that
for the turbulent kinetic energy 128 grid points or more between the
channel walls are necessary for an error less than 1 %. In other words,
for an accuracy of 1 %, a minimum of 10 grid points below y+ = 20
are necessary. This is no problem for this simple test case. But for
industrial flows, at high Reynolds numbers and with corresponding
thin-wall layers, this leads to the requirement of highly stretched
grids.

Figure 8 shows the convergence history for all relevant quantities
on a 63 x 63 grid with Cs = 100 and ft — 40. The convergence
for this simple flow with optimal boundary conditions is quite good.

Turbulent Flow over a Backward-Facing Step
The turbulent flow over a backward-facing step at high

Reynolds numbers was investigated in experiments by Driver and
Seegmiller.26 Based on the reference velocity UQ = 44.2 m/s,
the channel height H — 0.114m, and the kinematic viscosity
v = 1.5 x 10~5m2/s, the Reynolds number was Re = 3.35 x 105

(see Fig. 9). The ratio between the channel height and the step
height was H/ h = 9. At the channel inlet the velocity profile had

a boundary-layer thickness 8 = \.5h and the Reynolds number
based on the momentum thickness was Re® = 5 x 103.

With these data, inlet profiles have been generated that will be
used as boundary conditions for the computations. For the horizontal
velocity u, Reichardt's29 law is used inside the boundary layer and
the reference velocity in the bulk of the flow,

I u()/ur

with the normal distance y+ = ywur/v measured from the wall. By
matching the correct boundary-layer thickness 8 and the Reynolds
number Re® the friction velocity is estimated to be ur = 1 .805 m/s.
The turbulent kinetic energy k+ = k/u2

r near the wall is computed
from the following empirical equation:

- (yu/S)

Between the wall layers, the turbulent kinetic energy is limited cor-
responding to a turbulence intensity of Tu = 0.02. With this value
the turbulent kinetic energy in the main flow can be computed from
k = l.5(Tu'U())2.

The turbulent time scale r can be computed from Eq. (1). Fur-
thermore the second derivative of the pressure in the flow direction
is set to zero at the inflow station. At the outflow boundary, only the
pressure is specified. All other quantities are computed directly from
the Navier-Stokes equations (5), neglecting the diffusive terms in
the flow direction. The outflow boundary conditions are specified at
30 step heights h downstream of the step corner. On all walls, the
velocity components, the turbulent kinetic energy, the time scale,
and the pressure gradient in the wall normal direction are set to
zero.

Driver and Seegmiller26 presented measurements for two channel
configurations. First, the parallel-wall case (y = 0 deg) and, sec-
ond, a deflected top-wall case (y = 6 deg). The second case with
its adverse pressure-gradient conditions resulted in a 30% increase
in reattachment length jcr. The top-wall geometry is specified by

MAX
0
tan(y )[(*//*)+ 0.47]

For the computations a mesh with 163 x 127 grid points was used.
At the walls the grid is strongly stretched in the normal direction.

Figure 10 shows the streamlines just downstream of the step cor-
ner for the deflected top-wall case (y = 6 deg). Plotting specific
isolines, there is a small second recirculation visible in the lower left
corner. This feature can also be seen in the experimental data. Table 2
shows a comparison of the recirculation length xr for different com-
putations and the experimental data. The computations presented
by Driver and Seegmiller26 were performed by Sindir and Launder.
They used a standard and a modified version of the high-Reynolds-
number k-s model and the algebraic-stress turbulence model (ASM)
with wall functions. In Table 2 only the results from the modified
turbulence model versions are presented. Thangam et al.12 used
an anisotropic version of the low-Reynolds-number k-r turbulence
model with nonlinear corrections added to the eddy-viscosity model

Fig. 10 Streamlines of the flow downstream of the step for the de-
flected top-wall case (nonequidistant isoline levels).
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Table 2 Comparison of the reattachment length xrlh for different computations with the
_______________experiments of Driver and Seegmiller26

y,deg Ref. 26 fc-r2La k-smod (Ref. 26) ASMmod (Ref. 26) k-r nl12 k-e2L31 k-co32

6.1
8.2

5.7
6.8

4.6
5.2

5.8
7.0

6.0 5.5 6.4
8.45

aThe present two-layer k-r turbulence model.

0 2

a) Mean velocity profiles
x/h

0 2 4

b) Hirbulent kinetic energy profiles
x/h

J_
7 exp. k-T 2L
0° o ——————
go K _ _ _ _ _

oL

-uV/uJ=0.01

10
x/h

c) Reynolds stress profiles

Fig. 11 Results obtained from the two-layer k-T turbulence model compared with the experimental data of Driver and Seegmiller26 for the parallel-
wall case (7 = 0 deg) and the deflected top-wall case (7 = 6 deg).

as developed by Speziale.30 Also included is a two-layer k-s com-
putation done by Orth.31 Additionally, results of the standard k-co
model by Wilcox,32 which predicts the reattachment length well, are
presented. In general, the two-layer model gives better results than
the standard k-s turbulence model with wall functions, but the new
two-layer model still underestimates the recirculating length in the
case of an adverse pressure gradient.

Profiles of the mean velocity, turbulent kinetic energy, and
Reynolds stress at different x locations behind the step corner are
plotted in Fig. 11. Even if the mean velocity in the recirculation re-
gion is overestimated, the overall agreement with the experimental
data is good for the parallel-wall and the deflected top-wall cases. By
contrast, the value of the turbulent kinetic energy for the deflected
top-wall case is underestimated outside the recirculation region. A
similar behavior can be seen in the Reynolds stress profiles.

Achieving a steady state in this simulation was a major prob-
lem. As starting conditions we used a laminar computation at a low
Reynolds number and generated appropriate values for the turbulent
kinetic energy and the turbulent time scale. Based on these values
the turbulent simulation could be started with a stability parameter
of Cs & 1 [Eq. (23)]. After a few time steps the parameter was

increased to Cs & 50. The highly stretched grids and the complex
flow configuration behind the outside corner prohibits higher Cs
numbers. This has the disadvantage of a slower convergence. Es-
pecially in the near-wall region, the flow changes very slowly but
still influences the main flow. Therefore, the stationarity of the cal-
culated reattachment point must be checked very carefully. Several
CPU hours are required to reach the steady state with a residual of
approximately 10~4 at the end.

Conclusions
The robustness of the low-Reynolds-number k-r turbulence

model can be enhanced substantially by the two-layer method. With
this approach, the transport equation for the turbulent time scale T
is substituted by a new algebraic equation in the vicinity of walls.
The equation for the turbulent kinetic energy k is used for the whole
flowfield. Therefore, only the turbulent time scale has to be matched
in the wall layer by a blending function. The new algebraic equation
for r and the new damping function /M for the eddy viscosity in the
near-wall region have been derived by using DNS data for the plane
channel flow with asymptotic analysis of near-wall turbulence.



2508 KUFFER, MULLER, AND FANNEL0P

GMRES combined with the numerical linearization turns out to
be a good implicit solution technique to solve the nonlinear systems
of equations. The convergence of this technique can be improved
substantially by the LD~l U preconditioning. In general, the numer-
ical linearization allows large time steps toward the desired steady
state. The solver is very suitable for vectorization and demonstrates
high performance on a vector computer. A disadvantage is the prob-
lem of using a limiter for the turbulent quantities during the solution
procedure inside GMRES to avoid negative values of & and r. This
leads to a limitation of the time step in the transient phase.

The new two-layer k-r turbulence model has been applied to two
test cases. The first case is the fully turbulent channel flow, computed
at two low Reynolds numbers. Good agreement is found between
the two-layer k-r model results and the DNS data for both Reynolds
numbers even in the viscous sublayer. The second test case is the flow
over a backward-facing step computed at a high Reynolds number
and with two different channel configurations. In comparison with
the experimental data, the recirculating length is underestimated
by 7% for the parallel-wall case and by 15% for the deflected top-
wall case. This is substantially better than comparable two-equation
models, but it shows once more the sensitivity of turbulence models
in adverse pressure gradients.

In general, low-Reynolds-number turbulence models require a
very fine grid in the normal direction near the wall. At least 10
grid points below y+ — 20 are necessary for a computation with
an overall accuracy of 1%. This implies strongly stretched grids
and long CPU times are required to converge to the steady state.
Therefore, a good solution technique and an optimal treatment of the
wall layer are key features to speed up the convergence of turbulent
flow simulations. In future research, special attention will be given
to improved near-wall models and to further validation with DNS
data of more complex flows at higher Reynolds numbers.
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